
lu~ 1671 eas U;wVu us vius Work "Methods fluxionum et Seriesum Infinitarum" 

esa rhu izdkj ds vodRo lehdj.kksa dk o.kZ fd;k gS tks fd bl izdkj gSA  

1-
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ueLdkj nksLrksa] eSa MkW0 eukst dqekj flag Assistant Professor Department of 

Mathematics, U.I.E.T., CSJM University Kanpur ¼vody lehdj.k½ fo"k; ij ppkZ 

djsaxsA  

 fczfVª'k xf.krK Adword Incee ds vuqlkj lu~ 1675 esa Gottfried Leibritz us ∫��� = �� �� dk lehdj.k izfrikfnr fd;kA rcls gh vody lehdj.kksa dk

v/;;u izkjEHk gqvkA  

 lu~ 1676 esa Newton us viuk igyk vody lehdj.k gy fd;kA vkSj blh 

o"kZ nks pjksa x vkSj y ds vodyuksa Dx vkSj Dy esa lEcU/k fn[kkus ds fy, Leibritz us 

igyh ckj Differential Equation term dks Introduce fd;kA  

 vody lehdj.kksa dk mi;ksx eq[; :i ls foKku vkSj vfHk;kaf=dh ds fofHkUu 

{ks=ksa tSls&HkkSfrdh] jlk;u foKku] tho foKku] ekuo foKku] Hkw&foKku] vFkZ'kkL= 

vkfn {ks=ksa esa fd;k tkrk gSA  

We indicate few problems of Science as follower 

 ge dqN leL;kvksa dks n'kkZrs gS tSls&  

1- The Problem of determining the motion of a projectile, rocket or satellite

etc.

iz{ksi] jkdsV ;k mixzg ds xfr lEcU/kh leL;k esa

2- The problem of determining the change or current in an electric circuit.

fo|qr ifjiFk ds vkos'k vkSj fo|qr /kkjk lEcU/kh iz'uksa esa

3- The problem of conduction of heat in a rod or a plate.

fo|qr ifjiFk ds vkos'k vkSj fo|qr /kkjk lEcU/kh iz'uksa esa

4- The problem of determining the vibration of a wire or a membrane



5- The study of the rate of decomposition of a radioactive substance or the 

rate of growth of a population. 

6- The study of reactions of Chemicals.  

7- The problem of determining the curves that have certain geometrical 

properties, etc.  

vFkkZr~ lHkh vk/kqfud oSKkfud vUos"k.kksa ds fy, vody lehdj.kksa ds xgu 

v/;;u dh vR;Ur vko';drk gSA  

 vody lehdj.k ¼Differential Equation½ Modern Mathematics dh ,d 

cM+h vkSj egRoiw.kZ 'kk[kk gSA Calculus ds izkjEHk ls gh ;g fo"k; 'kS/kkfUrd 'kks/k vkSj 

O;ogkfjd mi;ksx ls tqM+k jgk gSA  

 blesa vc ge fofHkUu iz'uksa ij fopkj djrs gSA  

1. What is differential Equation. 

vody lehdj.k D;k gSA 

2. What does it Signifies.  

;g D;k n'kkZrk gSA  

3. Where and how do differential equation originate.  

dgk¡ vkSj dSls vody lehdj.k mRiUu gksrk gSA  

4. What are the use of differential Equation.  

vody lehdj.k dk mi;ksx D;k gSA  

5. What does one do it.  

6. How does one do it.  

7. What are the result of such activity.  

These questions indicate three major aspects of the subject theory, 

methods and application. 

;s lHkh iz'u bl fo"k; ds rhu cM+s igyqvksa] fl)kUr] fof/k;ksa vkSj vuqiz;ksx dh 

rjQ blkjk djrs gSA  

What is differential Equation.  



An equation involving derivatives of one or more dependent variables 

with respect to one or more independent variables is called a differential 

equation.  

,d ,slk lehdj.k ftlesa Lora= pj ¼vFkok pjks½ ds lkis{k vkfJr pj ¼,d ;k 

,d ls vf/kd½ ds vodyu ¼Differentials½ lfEefyr gksA vody lehdj.k dgykrk 

gSA  

The equations  x+y=3,    2sinx+3cosy = 0 and x2+y2=a2 have only 

dependent and in depend variables.  

lehdj.k x+y=3, 2sinx+3cosy = 0 esa dsoy Lora= vkSj vkfJr pj 'kkfey gSA 

vr% ;s vody lehdj.k ugha gSA  

Now we discuss the equation  � ���� + � = 0 

In this equation y is dependent variable and x is independent variable 

and it include the derivative of y with respect to x, therefore it is a differential 

equation.  

lehdj.k � ���� + � = 0 esa x ,d Lora= pj gS vkSj y ,d vkfJr pj gSA bl 

lehdj.k esa Lora= pj x ds lkis{k vkfJr pj y dk vodyu Hkh lfEefyr gSA  

bl izdkj dk lehdj.k vody lehdj.k dgykrk gSA  

A differential equation involving ordinary derivatives of one or more 

dependent variables with respect to a single independent variables is called an 

ordinary differential equation.  

,d ,slk vody lehdj.k ftlesa dsoy ,d Lora= pj ds lkis{k vkfJr pj 

¼vFkok pjksa½  ds vodyu lfEefyr gks] lkekU; vody lehdj.k dgykrk gSA  

tSls & 
������ + �� ������� = 0, ������ + 5 ������ + 3� = ��� � 

bu lHkh vody lehdj.kkas eas ,d Lora= pj ,oa ,d vkfJr pj gSA vr% ,s 

lkekU; vody lehdj.k gSA  



fu%lUnsg ,sls Hkh vody lehdj.k gksrs gSA ftlesa ,d ls vf/kd Lora= pjksa ds 

lkis{k vodyu 'kkfey gksrs gSA bl izdkj ds vody lehdj.k dks vkaf'kd vody 

lehdj.k dgrs gSA  

A differential equation involving partial derivatives of one or more 

dependent variables with respect to more than on independent variables is 

called a partial differential equation.  

For Example -        ���� + ���� = 0 ������ + ������ + ���  ��� = 0 

ysfdu vkt ge vius vki dks dsoy lkekU; vody lehdj.kksa rd gh lhfer 

j[ksaxsA  

The differential equation signifies the relationship between a 

continuously verging quantity and its rate of change.  

This is very essential in all Scientific investigations.   

vody lehdj.k ,d lrr~ pj jkf'k vkSj blds ifjorZu dh nj ds lEcU/k esa 

n'kkZrk gSA tksfd lHkh oSKkfud vUos"k.kksa ds fy, vR;Ur gh vko';d gSA  

Currently we discuss some scientific problem in each of the above 

problem, the object involved under consideration obey certain scientific lows.  

These lows involve various rates of change of one or more quantities 

with respect to other quantities. The mathematical formulation of such 

problems gives to differential equation.  

vHkh ge yksxksa us dqN leL;kvksa dks n'kkZ;k gSA ;s lHkh leL;k;sa dqN fuf'pr 

oSKkfud fu;eksa dk ikyu djrh gSA bu fu;eksa esa ,d ;k vf/kd jkf'k;ksa dh nwljs 

jkf'k;ksa ds lkis{k fofHkUu ifjorZu dh nj 'kkfey gksrh gSA ftldk xf.krh; :ikUrj.k 

,d vody lehdj.k nsrk gSA  



ge HkkSfrd thou dh cgqr lkjh leL;kvksa dks tc xf.krh; leL;k ds :i esa 

fy[krs gS rks ;s leL;k;sa vody lehdj.k ds :i esa ifjofrZr gks tkrh gSA fQj ge 

bu leL;kvksa dk gy xf.kr dh lgk;rk ls djds blds ifj.kke dks fQj HkkSfrd 

thou ds leL;k ds gy ds :i esa O;k[;k djrs gSaA  

The study of differential equation is a wide field in pure and applied 

mathematics, physics and engineering. All there disciplines are concerned with 

the properties of various types of differential Equations. Pure mathematics 

focuses on the existence and uniqueness of solution. While applied 

mathematics emphasizes the rigorous justification at the methods for 

approximating solution.    

vody lehdj.k dk v/;;u fo'kq) xf.kr Pure Mathematics vkSj vuqiz;qDr 

xf.kr] HkkSfrdh vkSj vfHk;kaf=dh ds {ks=ksa esa fd;k tkrk gSA ;s lHkh fo/kk;s fofHkUUk izdkj 

ds vody lehdj.kks ds xq.kks ls dUlZUM gksrh gSA fo'k) xf.kr vody lehdj.kksa ds 

gy ds Existence and Uniqueness vfLrRo vkSj vf}rh;rk ij dsUnzhr gksrh gSA 

tcfd vuqiz;qDr xf.kr Approximate Solution ¼vuqekfur gy½ ds dBksj vkSfpR; ij 

tksj nsrh gSA  

Many fundamental low of physics and chemistry can be formulated as 

differential equations. In biology and economics differential equations are 

used to model the behaviour of complex system.  

 HkkSfrd vkSj jlk;u 'kkL= ds vusd ewyHkwr fu;e vody lehdj.kksa ds :i esa 

izfrikfnr fd;s tk ldrs gSA thofoKku vkSj vFkZ'kkL= esa vody lehdjkksa dk iz;ksx 

tfVy iz.kkyh ds O;ogkfjd mi;ksx ds fy, fd;k tkrk gSA  

 vc ge vody lehdj.k ds gy] izdkj vkfn ds ckjs esa ppkZ djrs gsaA  

gy % fdlh lehdj.k dk gy ,d ,slh okLrfod ;k lfeJ la[;k gSA tks bl 

lehdj.k dks larq"V djsxkA vFkkZr~ tc bl la[;k dks lehdj.k esa vKku jkf'k ds 

LFkku ij izfrLFkkfir djrs rks L.H.S. vkSj R.H.S. vkil esa cjkcj gks tk;sA  



 Bhd blh izdkj fdlh vody lehdj.k tSls 
������ + � = 0 dk gy ,d 

Qyu ∅ gksxk tks bl lehdj.k dks larq"V djsxk vFkkZr~ tc bl Qyu dks vody 

lehdj.k esa vKkr y ds LFkku ij j[ks rks lehdj.k dk L.H.S. vkSj R.H.S. vkil esa 

cjkcj gks tk;A  

 An equation containing dependent variable y and independent variable x 

and free from derivatives, which satisfies the differential equation is called the 

solution of the differential equation.  

 lehdj.k y=Ø(x) ,d oØ dks iznf'kZr djrk gSA tks vody lehdj.k dk gy 

oØ ;k Integral Curve lekdyu oØ dgykrk gSA  

vody lehdj.k dh dksfV & Order of a differential equation 

fdlh vody lehdj.k dh dksfV ml vody lehdj.k esa lfEefyr Lora= pj ds 

lkis{k vkfJr pj ds mPpre dksfV ds vodyu dh dksfV }kjk ifjHkkf"kr gksrh gSA  

tSls & vody lehdj.k 
���� + � = 0 izFke dksfV dk vody lehdj.k gSA  

 blh izdkj Differential equation ������ + � = 0  f}rh; dksfV dk vody 

lehdj.k gS D;ksafd blesa f}rh; dksfV dk vodyu iz;qDr gqvk gSA  

vody lehdj.kksa dh ?kkr ¼Degree of a Differential Equation) – The degree 

of a differential equation is defined as the power of highest order derivative 

present in the differential equation after removing radials and fractions.  

vFkkZr~ ,d vody lehdj.k dh ?kkr ml vody lehdj.k esa mifLFkr 

mPpre dksfV ds vodyu dh mPpre ?kkr ¼/kukRed iw.kkaZd½ 

 fdlh vody lehdj.k dh dksfV vkSj ?kkr ges'kk /kukRed iw.kkZad gksrh gSA 

c'krsZ dh ?kkr ifjHkkf"kr gksA  

 tSls vody lehdj.k �� ������ + � ������� − � ���� = 0 esa ?kkr 1 vkSj dksfV 

2 gSA  



vkSj vody lehdj.k ���� = �� + ��� = 0 eas] y
111 mPpre dksfV dk vodyu 

gSA blfy, bldh dksfV 3 gSA bl lehdj.k dk Left Hand Side ds vodyuksa esa 

cgqin ugha gksus ds dkj.k bldh ?kkr ifjHkkf"kr ugha gks ldrh A  

General and Particular solution of a differential Equation vody lehdj.k ds 

O;kid ,oa fof'k"V gyA ge vody lehdj.kksa ds gy ds ckjs esa vHkh ppkZ dj pqds 

gSaA  

 vc ge vody lehdj.k 
������ + � = 0 ---------------- & ¼1½ ds gy ij fopkj 

djsaxsA  

 ge ns[krs gS fd Qyu y = Ø(x) = a sin(x+b) ---------------- & ¼2½ tgka a vkSj b 

okLrfod la[;k;sa gSA lehdj.k & ¼1½ dk ,d gy gSA D;kasfd bl Qyu vkSj blds 

vodyuksa dks lehdj.k ¼1½ esa izfrLFkkfir djsa rks lehdj.k ¼1½ ds Left hand side 

vkSj Right hand side vkil esa cjkcj gks tk;saxsA vr% ;g Qyu vody lehdj.k 

¼1½ dk gy gqvkA  

 vc ge a vkSj b ds dqN fof'k"V eku j[k nsA  

 tSls a = 3 vkSj b = π/2 rks Qyu y= Ø1(2) = 3 sin(x+π/2) ----------(3) gks 

tk;sxkA ;fn bl Qyu vkSj blds vodyuksa dks leh0 ¼1½ esa iqu% j[ks rks fQj L.H.S 

vkSj R.H.S. vkil esa cjkcj gks tk;saxsA blfy, Qyu Ø1(x) Hkh leh0¼1½ dk ,d gy 

gqvkA  

 Qyu Ø2 - a sin (x+b) ------- (2) nks LosPN vpj a vkSj b gSA rFkk ;g Qyu 

lehdj.k & ¼1½ dk O;kid gy dgykrk gSA tcfd Qyu Ø1(x)=3sin(x+π/2) e esa 

dksbZ Hkh LosPN vpj ugha gSA ijUrq izkapy a vkSj b ds fof'k"V eku mifLFkr gSA   

 vr% Qyu  Ø1(x) lehdj.k ¼1½ dk fof'k"V gy dgyk;sxkA  

 vc ge yksx Differential equation of first order and first degree, izFke 

?kkr vkSj izFke dksfV ds vody lehdj.kksa ij fopkj djrs gSA  

 ,d vody lehdj.k tks 
���� = �(�,�) ds :i esa fy[kk tk;s izFke dksfV 

vkSj izFke ?kkr dk vody lehdj.k dgykrk gSA  



bl izdkj ds vody leh0 dks gy djus ds fy, fuEu fof/k;k gSa &  

1- pjksa ds i`FkDdj.kh; fof/k  

Equations solvable by sepration of variables  

2- le?kkfr;k vody leh0 

Homogeneous Equation methods  
3- jSf[kd vody leh0 

Linear Equation of first order  
4- lfVd vody leh0 

Exact differential equation  
1- izFkDdj.kh; pj okys vody lehdj.k (Differential equations with variables 

separable) 

izFke ?kkr vkSj izFke dksfV ds vody lehdj.k dks Qyu 
���� = �(�, �) ds 

:i esa fu:fir djrs gSA vxj f(x,y) ds nks Qyuksa ds xq.kuQy g(x) h(y) ds :i esa 

fy[kk tk ldrk gSA tgka g(x) dsoy x dk Qyu gSA vkSj h(y) dsoy y dk ,d 

Qyu gS rks bl izdkj dk vody lehdj.k i`FkdDj.kh; pj okyk lehdj.k dgykrk 

gSA  

vc ;g vody lehdj.k 
���� = ℎ(�).�(�) gksxkA  

vc ;fn h(y) ≠ 0 rks pjks dks vyx djds bl lehdj.k dks ge ���� = �(�,�) ds :i fy[k ldrs gSA  

vc ;fn bl lehdj.k ds nksuks i{ksa dks ledkyu djus ij ∫ ��(�)�� = ∫�(�)�� izkIr gksxkA 
ftldk gy h(y)=g(x)+c gksxk 

tgk h(y) o g(x) Øe'k% 
��(�) o g(x) dk lekdyu gSA vkSj C ,d LosPN 

vpj gSA  



vc ge bl fof/k dks ,d Problem ls le>rs gSA gekjs ikl ,d Problem ���� = � �������  gSA  

bldks ge 
���� = �(���) . (�� + 1) ds :i esa Hkh fy[kk tk ldrk gSA vc 

bl g(x) Problem esa g(x)=
���� gqvk vkSj h(y)= (y2+1) ;kfu dh Right hand side 

f(x,y) dks ge nks Single Variable g(x) vkSj h(y) ds xq.kuQy ds :i esa fy[k ldrs 

gSA  

vc bldks ge 
������� =  ������  ds :i esa tgk¡ Left Hand Side dsoy 

y dk Qyu gSA vkSj Right hand side x dk Qyu gS ds :i esa fy[k ldrs gSA  

vc nksuks i{kksa dks lekdfyr djsaxs rks  

L.H.S. tan-1y vkSj R.H.S. x-log(x+1)+c gks tk;sxkA  

tgk¡ ij C vkSj arbitrary Constant gSA bl izdkj Tan-1y = x-log(x+1)+C  

fn;s x;s vody lehdj.k dk ,d O;kid gy gqvkA  

vc ,d nwljh leL;k ij fopkj djrs gS tSls& fdlh cSad es ewy/ku dh o`f) 5 

izfr'kr okf"kZd dh nj ls gksrh gSA fdrus o"kksZa esa Rs. 1000 dh jkf'k nqxquh gks tk;sxhA  

vc bldks gy djrs gsA  

ekuk fdlh le; t ij ewy/ku P gS rks nh gqbZ leL;k                               

ds vuqlkj 
���� = � ����� × � 

;k 
���� = � ���� vc bl elhdj.k esa pjksa dks i`Fkd djrs gS rks gesa 

��� = ����  
izkIr gksxkA  

vc bldks (Integrate) djsa rks gesa ���� ��� � + ���� feysaxs bldks ge � = ���/�� fy[k ldrs gSA  

vc P = 1000 j[ks] tc le; t=0 gS rks gesa C=1000 feysxkA bl izdkj gesa � = 1000���/�� = t1 = 20 log 2.  



;kuh dh 20log2 le; esa 1000 :i;s 5 izfr'kr okf"kZd C;kt dh nj ls nqxuh 

gks tk;sxhA  

blh izdkj ge bl leL;k dks Hkh gy dj ldrs gSA tSls & fdlh thok.kw 

lewg esa thok.kqvksa dh la[;k 100000@& gSA 2 ?kaVksa esa budh la[;k esa 10 izfr'k dh 

o`f) gks tk;sxh] ;fn thok.kqvksa esa thok.kqvksa dh la[;k & 200000 gks tk;sxh] ;fn 

thok.kqvksa ds o`f) dh nj uds mifLFkr la[;k ds lekuqikrh gSA  

Equations Reducible to variable separable form.  

ge dqN lkekU; ifjorZukas }kjk Hkh dqN fo'ks"k izdkj ds vody lehdj.kksa dks 

pj i`FkDdj.kh; fof/k ls gy dj ldrs gSA le?kkrh; vody lehdj.k (Homo. D.E.) 

vc ge nwljs fof/k ds ckjs esa ppkZ djrs gSA  

;fn fdlh Qyu dk izR;sd in leku ?kkr dk gS rks mls le?kkr Qyu dgrs 

gSA  

tSls & f(x,y) = x2+2xy+y2  vc iz'u;g mBrk gS fd dkSu lk Qyu le?kkr 

ugha gksxk rks f1(x,y)=x2+3x esa izFke in f}?kkrh; gSA f}inh; ij izFke ?kkr dk gS rks 

;g Qyu le?kkrh; ugha gSA  

,d ,slk vody lehdj.k 
���� = �(�, �) ftlesa f(x,y) 'kwU; ?kkr okyk 

le?kkrh; Qyu gks rks bl izdkj ds vody lehdj.k dks le?kkrh; vody lehdj.k 

dgrs gSA bl izdkj ds lehdj.k dks gy djus ds fy, ge 
�� = � vFkkZr~ y=vx j[krs 

gSA  

vc bl lehdj.k dks x ds lkis{k vodyu djus ij gesa 
���� = � + � ������ 

izkIr gksxkA vc bldk eku vkSj y = vx ds ekufn;s x;s vody lehdj.k esa j[kus ij 

gekjk ewy vody lehdj.k v vkSj x pjksa okys lehdj.k esa ifjofrZr gks tk;sxkA 

ftldks ge pj i`FkDdj.kh; fof/k ls gy dj ldrs gSA bldks gy djus ds mijkUr 

ge pj v dk eku y/x j[kdj iqu% ,d Relation tks dsoy x vkSj y pj ds :i esa 

gSA izkIr dj ldrs gSA ;gh Relation fn;s x;s le?kkr vody lehdj.k dk gy 

gqvkA 



dqN vody lehdj.k ,sls Hkh gksrs gS ftudks ge le?kkrh; vody lehdj.k 

esa ifjofrZr dj ldrs gSA bl izdkj ds vody lehdj.k dks fQj le?kkrh; fof/k ls 

gy dj ldrs gSA  

Linear Differential Equations : jSf[kd vody lehdj.k  

vxj vody lehdj.k 
���� + �(�) = �(�) :i dk gS rks ;g ,d jSf[kd vody 

lehdj.k dgyk;sxkA vkfn P vkSj Q nksuks gh pj vFkok dsoy x ds Function gksA  

 bl izdkj ds vody lehdj.k dk gy  �. �∫��� =  ∫�. �∫���  �� + � gksrk gSA tgk¡ C ,d LosPN vpj gSA vkSj �∫��� dks lekdyu xq.kkad ¼Integrating Factor½ dgrs gSA  

 bl izdkj ds vodyu lehdj.kksa ds gy dks fuEu pj.kksa esa iwjk djrs gSA  

1- lcls igys fn;sx;s vody lehdj.k dks 
���� + �� = � ds :i esa fy[krs gSA 

ftlesa P vkSj Q dksbZ LosPN vpj ;k dsoy x ds Qyu gksA  

2- lekdyu xq.kkad ¼Integrating Factor½ �∫��� Kkr djrs gSA  

3- vc lehdj.k ds gy ds fy, bl ledkyu dks Kkr djrs gSA  �. �.�. = ��. �.�.�� + � 

 Leibritz 1675 ls ,d ,slh leL;k esa eXu Fks ftlesa oks ,sls oDr dks Kkr 

djuk pkg jgs Fks ftldh Li'kZ js[kk nh x;h gks lu~ 1691 esa bl leL;k dk lek/kku 

pjks ds i`FkDdjh; fof/k ds vUos"k.k ds :i esa izkIr fd;s blds ,d o'kZ ckn mUgksaus 

izFke dksfV ds le?kkrh; vody lehdj.kksa dks gy djus dh fof/k dks izfrikfnr 

fd;kA blh Øe esa mUgksaus vIy le; esa gh izFke dksfV ds jSf[kd vody lehdj.kksa ds 

gy dh fof/k dk Hkh vUos"k.k fd;kA ;g vk'p;Ztud gh gS fd bu lHkh fof/k;ksa dh 

[kkst vdsys ,d gh O;fDr }kjk vody lehdj.kksa ds tUe ds iPphl o'ksZa ds vYikof/k 

esa gh dh x;hA 

 'kq:vkr esa vody lehdj.kksa dks gy djus dh fof/k dks vody lehdj.kksa ds 

lekdyu ds :i esa gh fu:fir djrs Fks] lu~ 1690 esa lcls igys James Bernaulli us 



Integral of the differential Equations vody lehdj.kksa ds lekdyu 'kCn dks fn;kA 

vkSj lu~ 1974 esa loZizFke Joseph Louis Lagrange us gy 'kCn dk iz;ksx fd;k ;kfu 

dh Solution of the Differential Equation. 

  

  


